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Abstract Silicon nanowires (SiNWs) are quasi-one-dimensional structures in which electrons are spatially confined
in two directions and are free to move in one direction.
They are ideal test structures for investigating the effect
of two-dimensional (2D) electron confinement. A selfconsistent 2D Poisson-2D Schrödinger solver coupled with
a Monte-Carlo transport kernel can accurately model the
electronic transport in long SiNWs. In this paper we provide
a detailed description of the coupled Poisson-SchrödingerMonte Carlo solver as employed to compute the electron
mobility in SiNWs.
Keywords Nanowires · Monte Carlo · Low-field mobility ·
Electron mobility · Self-consistent Schrödinger-Poisson
solver

1 Introduction
The theoretical study of electronic transport in semiconductor nanowires started with the seminal work of Sakaki [1] in
1980. Sakaki showed that the elastic scattering in nanowires
(NWs) is drastically suppressed due to a reduction in the final density of states (DOS) for scattering. Electrons in NWs
are confined in two transverse directions and are free to
move only along the axis of the wire. At room temperature, transport within each subband and transitions among
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subbands can essentially be described semiclassically, using the Boltzmann transport equation (BTE). Initial theoretical work on electron transport in SiNWs relied on the
relaxation time approximation for the BTE and an infinite
potential for the confinement in the transverse directions.
In the regime where transport is dominated by scattering,
an accurate description of transport can be obtained by using a Monte Carlo solver for the BTE [2] combined with
the two-dimensional (2D) Poisson and Schrödinger equation solvers for the description of charge and the confining
potential [3]. This is the state-of-the-art approach to calculate the diffusive-regime low-field electron mobility which
is one of the most important parameters that determines the
performance of field-effect transistors (FETs), thermoelectric (TE) coolers, and sensors. It has been shown that the effective mass approach remains accurate down to 3 nm wire
thickness [4], while for ultrathin wires the use of atomistic
approaches becomes important [4–9].
Experimental and theoretical results of electron mobility
in SiNWs have until recently been inconclusive: the works
of Sakaki [1], Cui et al. [10], Koo et al. [11], and Sharma
et al. [12] show higher mobility in SiNWs compared to bulk
MOSFETs, whereas Kotlyar et al. [13], Jin et al. [14], and
more recently other research groups [15–17] have shown
that the mobility in a SiNW decreases with cross section.
Recent measurements by Gunawan et al. [18] from which
parasitics have been carefully eliminated, show a drop in the
electron mobility with respect to bulk MOSFETs. The contradiction stems from two opposing effects that determine
the electron mobility as we move from 2D to 1D structures:
one is a decrease in the density of states (DOS) for scattering [1] that results in reduced scattering rates and thereby
an enhancement in the mobility; the second is an increase
in the so-called electron-phonon wavefunction overlap [13]
that results in increased electron-phonon scattering rates and
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consequently lower mobility. While important, these two
competing phenomena do not paint a full picture of low-field
transport in SiNWs, in which the effect of spatial confinement on the scattering due to surface roughness and acoustic
phonons must be addressed.
In this work, we compute the electron mobility in gated
SiNWs with square cross section by accounting for the scattering of electrons due to confined acoustic phonons, intervalley phonons, and imperfections at the Si-SiO2 interface. The simulator developed to calculate the electron mobility has two components: the first is a self-consistent 2D
Poisson-2D Schrödinger solver and the second is a MonteCarlo transport kernel. The former is used to calculate the
electronic states and the self-consistent potential distribution along the cross section of the wire and the latter simulates the transport along the wire axis. The finite barrier at
the Si-SiO2 interface results in the electron wavefunction
penetration through the interface and into the oxide. The
wavefunction penetration is accounted for by including a
few mesh points in the oxide while solving the Schrödinger
equation. ARPACK package [19] was used to solve the 2D
Schrödinger equation and successive over-relaxation (SOR)
method was used to solve the 2D Poisson equation.

2 Mobility calculation and simulator components
2.1 Device structure
The SiNW considered in this study is the channel of the
ultra-thin, ultra-narrow SOI MOSFET that was originally
proposed by Majima et al. [20]. The thickness of the gate
oxide, buried oxide, and the silicon handle layer are 25 nm,
80 nm, and 700 nm, respectively. The transverse dimensions of the silicon channel are varied from 8 × 8 nm2 to
3 × 3 nm2 . For all the device cross sections considered, the
width of the oxide on both sides of the channel is 200 nm,
the channel is doped to 3 × 1015 cm−3 , and the channel
is assumed to be homogeneous and infinitely long. For the
SiNWs considered, the confinement is along the y and z directions and the electrons are allowed to move freely in the
x direction.
2.2 Self-consistent 2D Poisson–2D Schrödinger solver

Hartree potential, the solution to the 2D Poisson’s equation),
H0 is the parallel part of H0 (associated with the motion
along the axis of the wire), and the transverse part is defined
as
H0⊥ (y, z) = −
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The basis-states of the unperturbed Hamiltonian are assumed to be of the form
1
ψν,n (r) = √ eikx x ψν,n (y, z),
L

(3)

where kx is the wavevector along the axis of the wire of
length L and the wavefunction ψν,n (y, z) of subband with
energy Eν,n satisfies the 2D Schrödinger equation
H0⊥ (y, z)ψν,n (y, z) = Eν,n ψν,n (y, z).

(4)

Because of the pronounced mass anisotropy in the Si
material system and the multi-valley nature of the lowest
conduction bands, the six conduction band valleys are included through a standard three-valley-pair model. Valley
pair 1 along the (100) direction have masses mx = ml and
my = mz = mt , valley pair 2 along the (010) direction have
masses mx = mz = mt and my = ml , and valley pair 3
along the (001) direction have masses mx = my = mt and
mz = ml .
An accurate description of the charge and potential in
a nanowire requires a self-consistent solution of the 2D
Schrödinger equation (4) and the 2D Poisson equation
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where ϕ(y, z) is the electrostatic Hartree potential and
V (y, z) = −eϕ(y, z), (y, z) is the spatially-dependent di+
electric constant, ND
and NA− are the ionized donor and acceptor concentrations, and n(y, z) and p(y, z) are the electron and hole densities, respectively. The electron density is
calculated using

2
Nν,n ψν,j (y, z) ,
(6)
n(y, z) = 2
ν,n

The Hamiltonian for an electron, residing in one of the six
valleys (ν) is of the form

 2
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where the factor 2 accounts for the valley degeneracy and
Nν,n is the electron line density in the n-th subband of the
ν-th valley pair, given by


EF − Eν,n
1
ν
2mx kB T F−1/2
Nν,n =
,
(7)
π
kB T

where r = (x, y, z), V (y, z) is the potential energy profile of
the confining potential in the (y, z)-plane (obtained from the

where EF is the Fermi energy, kB is the Boltzmann constant,
and T is the temperature. The Fermi-Dirac integral of order

= H0 (x) + H0⊥ (y, z),
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−1/2 can be approximated as [21, 22]
F−1/2 (η) =
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where η = (EF − Eν,n )/kB T , a = 6.68, b = 1.72, and
c = 4.11. These equations can be solved by using finite difference discretization scheme described in [23]. The steps
involved in solving these two equations self-consistently is
described below.
Step 1 Initialization: Poisson’s equation is solved in the entire 2D cross-section, whereas the Schrödinger equation
needs to be solved only in the silicon region and a small
region of oxide near the Si-SiO2 interface. As most of the
interesting physics happens near the interfaces, a fine mesh
is used near the Si interface with oxide and metal. Away
from the interfaces, a coarse mesh is used. The use of a
non-uniform mesh reduces the size of the matrices to be
solved.
Step 2 Boundary Condition: A Dirichlet boundary condition is employed to model the ohmic contacts, therefore
the potential at the contacts is obtained by summing the
externally applied gate bias (Vg ) and the potential obtained
Fig. 1 Results from the
Poisson-Schrödinger-Monte
Carlo solver. Top panels: The
potential profile along the y
direction (top left) and the z
direction (top right) obtained
from the self-consistent
Poisson-Schrödinger solver.
Bottom panels: Variation of the
electron energy (left) and
velocity (right) with time from
the EMC. Steady state
(indicated by the saturation of
energy and velocity) is reached
on picosecond timescales

by imposing the charge neutrality condition (by setting the
left hand side of Poisson’s equation to zero) (Fig. 1, top left
panel). Continuity of the electric displacement field at the
interface of silicon and oxide is used to determine the initial potential in the oxide. As the oxide at the sides of the
silicon channel are thick, the field in the oxide goes to zero
at the surface of oxide (see Fig. 1 top right panel).
Step 3: Calculate the coefficients of discretized Poisson and
Schrödinger equations.
Step 4: Solve the Poisson equation.
Step 5: Update the central coefficient of Schrödinger equation using the potential from the Poisson Solver.
Step 6: Solve the Schrödinger equation.
Step 7: Calculate the quantum corrected electron density
using the wavefunctions and energy levels obtained from
the Schrödinger solver (use (6)).
Step 8: Update the coefficients of Poisson equation that depend on the electron density.
Step 9: Solve Poisson’s equation.
Step 10: Check if the new potential obtained from the Poisson solver has converged (typical convergence criterion is
max(old potential–new potential) < 10−5 V). If the potential has converged go to Step 11, if not repeat from Step 5.
Step 11: Once the potential converges, the following profiles from the Poisson-Schrödinger solver are exported into
the Monte Carlo solver. (a) The potential profile (used in
the calculation of SRS). (b) The energy level and wave
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function of each subband in all three valley pairs (used in
the calculation of all scattering rates). (c) Line density in
each subband (used in MC to initialize electrons in different subbands). (d) Electron sheet density (used to calculate
the effective field from the gate). (e) Mesh spacing profile. Sample potential profile across the wire, obtained from
the Poisson-Schrödinger solver, is presented in the top two
panels of Fig. 1.
2.3 Ensemble Monte Carlo solver
The ensemble Monte Carlo (EMC) technique is an wellestablished, efficient, stochastic technique for the simulation
of non-equilibrium transport in semiconductor materials and
devices [2, 24]. During the simulation, one tracks the motion
of an ensemble of particles. The free flight of a particle under external fields gets terminated by instantaneous random
scattering events. Relevant scattering mechanisms in silicon
are acoustic phonon scattering, intervalley scattering (mediated by large momentum acoustic and optical phonons),
ionized impurity scattering, and surface roughness scattering [16, 23]. The EMC algorithm consists of generating random free flight times for each particle, choosing the type of
scattering occurring at the end of the free flight, changing
the final energy and momentum of the particle after scattering and then repeating the procedure for the next free flight.
Sampling the particle motion at various times throughout the
simulation allows for a statistical estimation of the physically interesting quantities such as the single-particle distribution function, the average drift velocity in the presence of
an applied electric field, the average energy of the particles,
etc. Monte Carlo accounts for repopulation of subbands due
to scattering in addition to calculating lateral carrier motion.
The ensemble Monte Carlo transport kernel is used to
simulate the electron transport along the axis of the wire
under the influence of the confining potential in the transverse directions and a very small lateral electric field along
the channel. The long wire approximation implies that the
transport is diffusive (the length exceeds the carrier mean
free path) and therefore justifies the use of the Monte Carlo
method [2, 24] to simulate electron transport. Electrons are
initialized such that their average kinetic energy is (1/2)kB T
(thermal energy for 1D) and are distributed among different subbands in accordance with the equilibrium distribution
of the states obtained from the Poisson-Schrödinger solver.
Since the electrons are confined in two transverse directions,
they are only scattered in either the forward or the backward
direction; consequently, just the carrier momentum along
the length of the wire needs to be updated after each scattering event. Upon reaching steady-state (indicated by saturation of the average electron energy and drift velocity, see
bottom panel of Fig. 1), mobility is calculated from the ensemble average of the electron velocities [2].

209

3 Electron mobility variation with the SiNW cross
section
The variation of the electron mobility when the SiNW cross
section is decreased from 8 × 8 nm2 to 3 × 3 nm2 is shown
in Fig. 2. The three curves correspond to three different
transverse effective fields. Irrespective of the effective field
from the gate, the mobility decreases with increasing spatial
confinement mainly due to the monotonic increase in the
confinement-induced part of surface roughness scattering
(SRS) and the intrasubband phonon scattering. At low and
moderate effective fields from the gate, the mobility is determined by the scattering from phonons and the confinementinduced part of the SRS, whereas at high fields mobility is
limited by the SRS (all three terms in the SRS overlap integral [16] play crucial roles).
At high fields from the gate, when the wire cross section
is reduced from 8 × 8 nm2 to 5 × 5 nm2 , the first term in
the SRS overlap integral increases, whereas the second and
the third terms decrease due to the onset of volume inversion. Consequently, the mobility shows a very small change
for these cross sections. But, when the wire cross section is
smaller than 5 × 5 nm2 , all the terms in the SRS overlap integral increase with decreasing wire cross section and result
in a monotonic decrease in mobility with increasing spatial
confinement.
At low and moderate fields from the gate, with decreasing wire cross section: the intrasubband phonon scattering
increases due to the increase in the electron-phonon overlap
integral [16]; intersubband scattering and intervalley phonon
scattering decreases due to subband modulation; SRS increases due to the increase in the first term in the SRS overlap integral with increasing confinement. Overall the mobility decreases with decreasing wire cross section. It should
be noted that, at low transverse fields, the mobility variation
for wires of cross section larger than 7 × 7 nm2 becomes

Fig. 2 Variation of the electron mobility with the SiNW cross section
at three different transverse fields (reprinted with permission from [16])
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very small. This is because of the interplay between a simultaneous increase in intersubband scattering (number of occupied subbands increases) and a decrease in intrasubband
scattering (electron-phonon overlap integral decreases) with
increasing wire cross section. A similar weak dependence of
the electron mobility in cylindrical SiNWs with diameters
greater than 6 nm has also been reported by Jin et al. [14].

4 Conclusion
A self-consistent Poisson-Schrödinger-Monte Carlo solver
has been developed to study the effect of 2D spatial confinement on the mobility of electrons in SiNWs. Electron
mobility is found to decrease with decreasing wire cross
section predominantly because of the strong increase in surface roughness scattering. In contrast to bulk MOSFETs, in
which the SRS plays an important role only for high fields
from the gate, electrons in very thin SiNWs are strongly influenced by the roughness regardless of the transverse field.
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